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Abstract
We examine non-abelian duality transformations in the open string case. After gauging
the isometries of the target space and developing the general formalism, we study in details
the duals of target spaces with SO(N) isometries which, for the SO(2) case, reduces to the
known abelian T-duals. We apply the formalism to electrically and magnetically charged 4D
black hole solutions and, as in the abelian case, dual coordinates satisfy Dirichlet conditions.
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1 Introduction
According to the duality assertion, a string theory compactified on a manifold K is equiv-
alent to another theory (possibly the same) compactified on the dual manifold K¯. Duality
symmetries were first realized in the spectrum of the closed bosonic string [1]. A bosonic
string compactified on a circle of radius R is equivalent to the theory obtained if the string
was compactified on a circle of radius 1/R provided that momentum and winding modes
are interchanged. In the case of closed superstrings it was proven later that T-duality is
not, strictly speaking, a symmetry but rather it maps the type IIA theory to type IIB and
vice versa [2],[3]. It was subsequently realized that the same duality symmetry also exists in
the case of non-trivial backgrounds with abelian isometries [4]–[11]. Similarly, in this case
although T-duality is a symmetry of the bosonic string, it is not of the supersymmetric one
and again type IIA theory is mapped to type IIB and vice versa [11].
Duality transformations may also be discussed for target spaces with non-abelian isome-
tries [12]–[16]. The general feature in this case is that the dual space has in general no isome-
tries indicating that duality transformations may not necessarily be related with isometries
of the target space but rather may have different origin. At this point one should also recall
the duality-like symmetries of Calabi-Yau spaces [17].
The general procedure is the same as in the abelian case [4],[6]. Namely, one starts by
gauging the isometries of the target space in the σ-model action and imposing the constraint,
by means of a Lagrange multiplier, that the corresponding field strength vanishes. Integrat-
ing out the Lagrange multiplier one then obtains the original σ-model action one started
with. Integrating out the gauge field, the dual theory is obtained which is again described
by a σ-model action but with a different, even topologically, target space. This procedure
has been proven to be equivalent to the first order formulation in the abelian as well as in the
non-abelian case. The difference is that in the former case the dual and the original theory
are equivalent as CFT [6], after considering some global aspects of the procedure, while in
the later case they are not [14]. It should also be noted, that there exists the dilaton shift
[18] compensating for the different “number” of integrations needed to obtain the dual and
the original theory.
In the open string case now, things are quite different [3],[19],[20]. Type I theory for
example compactified on a circle of radius R does not have a T-duality symmetry. However,
one can still map the theory by a T-duality transformation to another alternative type I’
theory in trying to understand its small R behavior [20]. This type I’ theory has extended
dynamical objects, the D-branes [3], which are the carriers of the R-R charges [21]. These
results may also be extended to the case of non-trivial backgrounds [22],[23],[25]. Here, we
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will consider the general case in which the target has non-abelian isometries.
In the next section and in order to establish notation and conventions we show how one
may gauge the isometries of the open string. In sect. 3 we discuss the non-abelian duality
for open strings in general non-trivial backgrounds with U(1) charges attached at the ends of
the strings. We also give explicitly the duality transformations for target spaces with SO(N)
isometry group which we employ in sect. 4 for some 4D black-hole solutions. In sect. 5 we
discuss our results and we make some concluding remarks.
2 Gauging the isometries of the open string
We will consider here open strings described by the σ-model action
S = −1
2
∫
Σ
d2σ
(
Gmn∂aX
m∂aXn +Bmnǫ
ab∂aX
m∂bX
n
)
−
∫
∂Σ
dsAm∂sX
m +
1
4π
∫
Σ
d2σ
√
γR(2)Φ− 1
2π
∫
∂Σ
dskΦˆ , (1)
where we have parametrized the boundary of the world sheet Σ by s and ∂s is the tangent
derivative. The fields Xm, (m,n = 1, · · · , N) are coordinates of the N-dimensional target
space M with metric and antisymmetric fieldsGmn, Bmn, respectively, andAm is a U(1) gauge
field with field strength Fmn. We have also included a dilaton Φ (Φˆ) in the bulk (boundary)
of the string where R(2) is the scalar curvature of Σ and k is the geodesic curvature of the
boundary ∂Σ.5
We will assume now that M has some isometries, generated by a set of Killing vectors
ξI = ξ
m
I ∂m, (I, J = 1, · · · , D) which form the algebra of a D-dimensional group G with
structure constants fIJ
K , i.e.,
[ξI , ξJ ] = fIJ
KξK . (2)
Then, under the action of the group, the coordinates Xm transform as
δXm = ǫIξmI . (3)
In the case of neutral strings (with opposite charges attached at their ends), we may write the
integral over the boundary as an integral in the bulk by simply replacing Bmn by Bmn−Fmn.
In this case, the action is invariant under (3) if
LξIGmn = 0
5From the string theory point of view there is no difference in Φ and Φˆ since the dilaton couples to the
Gauss-Bonnet density of the world sheet.
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LξI (Bmn − Fmn) = 0
LξIΦ = 0
LξI Φˆ = 0 . (4)
Recalling that the antisymmetric and the U(1) fields are defined only up to exact two- and
one-forms, respectively, we get
LξIBmn = ∂mωIn − ∂nωIm ,
LξIAm = ∂mφI + ωIm , (5)
for some zero- and one-forms φI , ωI , respectively [27]. The rhs of (5) is invariant under the
following transformations
ωIm → ω′Im = ωIm + ∂mhI
φI → φ′I = φI − hI + kI ,
(6)
where the kI are constants and the hI are scalars. By evaluating L[ξI ,ξJ ]Bµν and L[ξI ,ξJ ]Am
we find that ωI and φI must satisfy the consistency conditions
LξIωJ −LξJωI = fIJKωK + vIJ ,
LξIφJ −LξJφI = fIJKφK − ρIJ , (7)
where vIJ is a closed one-form, i.e. it can locally be expressed as
vIJ = dρIJ .
We know that for an anomaly free gauged model in the closed string case to exist one should
be able to remove vIJ from (7) [24]. This implies certain integrability conditions on the vIJ .
Assuming that these conditions are satisfied we perform a transformation (6) to remove vIJ
from the first equation in (7) and then the consistency conditions read
LξIωJ −LξJωI = fIJKωK ,
LξIφJ −LξJφI = fIJKφK − kIJ , (8)
with kIJ being constants. Now, the residual symmetries of (6) are just constant shifts in φI
under which the kIJ will transform as
kIJ → kIJ + fIJKkK . (9)
As we will see later on the constants kIJ have to satisfy certain integrability conditions.
3
Let us now gauge the isometries by assuming that the group parameters ǫI in eq.(3) are
local. Then, following [24], we introduce gauge fields ΩIa on the world sheet and we demand
invariance of the action under
δXm = ǫIξmI ,
δΩIa = ∂aǫ
I + fKJ
IΩKa ǫ
J . (10)
We define covariant derivatives by
DaX
m = ∂aX
m − ξmI ΩIa , (11)
such that DaX
m transforms as
δ(DaX
m) = ǫI∂nξ
m
I DaX
n . (12)
The method to construct a gauge invariant action in the closed string case is discussed
in [24]. For general B fields the gauge invariant action is not given by replacing partial
derivatives with covariant ones. Since here we are mainly interested in modifications due to
the boundary we put from now on the B field to zero and hence minimal coupling works for
the bulk part of the action,
Sbulk = −1
2
∫
Σ
d2σGmnDaX
mDaXn , (13)
where dilaton contributions have been omitted.
By using the identity Lξ = ıξd+ dıξ where ıξ is the inner product in the exterior algebra,
we get that the variation of the action (1) under the global transformations eq.(3) is
δS = −
∫
d2σǫILξIGmn ∂aXm∂aXn −
∫
ds ǫIξmI Fmn ∂sX
n . (14)
Thus, (1) is invariant if LξIGmn = 0 and if, in addition, there exists an exact one-form dvI
such that
ξmI Fmn = ∂nvI . (15)
Eq.(15) implies that LξIFmn = 0 so that
LξIAm = ∂mφI , (16)
in agreement with eq.(5). By using eqs.(15,16), we get
ξmI Fmn = ξ
m
I ∂mAn − ξmI ∂nAm = −∂nφI −Am∂nξmI − ξmI ∂nAm
= ∂n(φI − AmξIm) = ∂nvI , (17)
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so that φI and vI are not independent but, up to a constant,
Amξ
m
I − φI = vI . (18)
In order to find the gauge invariant action we may follow Noether’s procedure, i.e., we
first calculate the variation of the ungauged action and then by adding terms linear in the
gauge field we try to cancel these variations. If S(0) =
∫
dsAm∂sX
m,
δS(0) =
∫
∂Σ
ds
(
ǫILξIAm ∂sXm + AmξmI ∂kǫI∂sXk
)
(19)
and one may try to cancel δS(0) by adding the term S(1) =
∫
dsCI Ω
I
s to S
(0) where Ωs is the
component of the gauge field in the tangent direction. Then
δS(1) =
∫
∂Σ
ds
(
∂mCI Ω
I
sǫ
JξmJ + CI ∂nǫ
I ∂sX
n + CIfJK
IΩJs ǫ
K
)
, (20)
and thus,
δS(0) + δS(1) =
∫
∂Σ ds
(
ǫI∂mφI∂sX
m + Amξ
m
I ∂kǫ
I∂sX
k + ǫIξmI ∂mCJ Ω
J
s+
CI∂mǫ
I ∂sX
m + CIfJK
IΩJs ǫ
K
)
.
(21)
The condition for gauge invariance turns then out to be
CI = −AmξmI + φI + λI (22)
LξICJ = −fJIKCK , (23)
where λI are constants. It is not difficult to verify that (23) is compatible with (22) if the
following condition is satisfied
kIJ − fIJKλK = 0 , (24)
where kIJ is defined in (8). The integrability condition of (24) follows from the Jacobi
identities of the isometry algebra and reads
fIJ
KkKL + cycl. perm. = 0. (25)
The λK are not uniquely fixed but can be shifted according to (9). As we will see later the
freedom of shifting λK represents the freedom in the position of the D-brane in the dual
model. Thus, by using eq.(18), the gauge invariant action is
S = −1
2
∫
Σ
d2σGmnDaX
mDaXn −
∫
ds
(
Am∂sX
m − vIΩIs
)
. (26)
It should be noted that in the case of unoriented open strings (where B=0) the gauged
action is again given by eq.(26). It is also obvious that the gauged action still has the U(1)
symmetry Am → Am + ∂mϕ of the original ungauged one.
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3 Non-abelian T-duality
Below we examine T-duality transformations for open strings. For this, we will consider a σ-
model with vanishing antisymmetric tensor since its presence does not modify the discussion
and moreover it is absent in the examples we will consider later on. Then, in null–coordinates
z = 1√
2
(τ + σ), z¯ = 1√
2
(τ − σ) (∂ = ∂/∂z, ∂¯ = ∂/∂z¯), the σ-model action is
S =
∫
Σ
d2z Gmn∂X
m∂¯Xn −
∫
∂Σ
dsAm
dXm
ds
, (27)
where the dilaton terms have been omitted. We may enlarge the target space by adding
fields Xα, (α, β = 1, · · · , d) which parametrize a space K so that the target space is locally
M×K. Following the procedure of the previous chapter, one may gauge the isometries of M
(or some subgroup) and then the gauged action turns out to be
S(X,Ω) =
∫
Σ
d2z
(
Gαβ∂X
α∂¯Xβ +Gαm∂X
αD¯Xm +GmαDX
m∂¯Xα +GmnDX
mD¯Xn
)
+
∫
Σ
d2z ΛIF
I −
∫
∂Σ
ds
(
Aα∂sX
α + Am∂sX
m − vI(ΩI dz
ds
+ Ω¯I
dz¯
ds
)
)
. (28)
We have also included above the term ΛIF
I where ΛI is a Lagrange multiplier and F =
∂Ω¯− ∂¯Ω+[Ω, Ω¯] is the field strength of the gauge field Ω. It is then straightforward to verify
that (28) is invariant under the local transformations
δXm = ǫIξmI ,
δΩI = ∂ǫI + fJK
IΩJǫK ,
δΩ¯I = ∂¯ǫI + fJK
IΩ¯JǫK ,
δΛI = −fIJKΛKǫJ . (29)
The path integral now for the open string is as usual an integral over all field configura-
tions which, however, are consistent with some specified boundary conditions
Z({SB}) =
∫
{SB}
DXeiS(X). (30)
and it is a functional of the boundary conditions, collectively written as {SB}. The total
vacuum to vacuum amplitude is then given by an integration of the Z({SB})’s over all
allowed boundary conditions. The path integral after gauging is
Z˜({SB}) =
∫
{SB}
DX
DΩDΩ¯
V DΛ e
iS(X,Ω) (31)
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where we have divided out the “volume” V of the gauge group. Integration over Λ constrains
the gauge fields to be flat, Ω = h−1dh for some h ∈ G. Fixing the gauge by choosing a
section h(z, z¯) gives back the ungauged action S(X ′) with transformed coordinates X ′ = hX .
However, the boundary conditions may have changed. The requirement that a pure gauge
does not modify them will give boundary conditions for the gauge parameters which can be
implemented by a second Lagrange multiplier. For Neumann conditions, for example, one
has to restrict the normal component of the gauge field to vanish at the boundary. We will
not do that here since the final result does not depend on this second Lagrange multiplier
as one can check by an explicit calculation.
Our next task is to integrate over the gauge fields Ω. For this we perform a partial
integration in the term
∫
d2z ΛIF
I and after some algebra, the complete action is found to
be
Sg(X,Ω) =
∫
Σ
d2σ
(
Gαβ∂X
α∂¯Xβ +Gαm∂X
α∂¯Xm +Gmα∂X
m∂¯Xα+
Gmn∂X
m∂¯Xn − ΩI h¯I − Ω¯IhI + ΩIfIJΩ¯J
)
−
∫
∂Σ
ds
(
Aα
dXα
ds
+
Am∂sX
m − vI(ΩI dz
ds
+ Ω¯I
dz¯
ds
)− ΛIΩI dz
ds
− ΛIΩ¯I dz¯
ds
)
, (32)
where hI , h¯I and fIJ are given by
hI = ∂ΛI + ∂X
mGmnξ
n
I + ∂X
αGαmξ
m
I ,
h¯I = −∂¯ΛI + ∂¯XmGnmξnI + ∂¯XαGmαξmI ,
fIJ = fIJ
KΛK +Gmnξ
m
I ξ
n
J . (33)
As a result, the path integral is
Z =
∫
DX
DΩDΩ¯
V DΛ exp i
[
S +
∫
Σ
d2z
(
−ΩI h¯I − Ω¯IhI + ΩIfIJΩ¯J
)
−
∫
∂Σ
ds
(
(ΩI
dz
ds
+ Ω¯I
dz¯
ds
)(ΛI + vI)
)]
, (34)
where S is the ungauged action in eq.(27). In order to get the dual action we have to integrate
out the gauge fields ΩI , Ω¯I . Here, however, due to the boundary term in the exponent, one
has to integrate the gauge field independently in the bulk and on the boundary [25]. The
integration in the bulk gives the dual action [13]
S˜[X,Λ] = S[X ]−
∫
d2σhI(f
−1)IJ h¯J , (35)
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where S[X ] is the Λ-independent part. Since the gauge field appears linearly in the boundary
term (the last term in eq.(34)), its integration will produce a delta function [25], i.e., the
constraints
ΛI + vI = 0 on ∂Σ . (36)
As a result, the dual fields have to satisfy Dirichlet conditions, no matter what boundary
conditions the original fields satisfy. This means that in the dual theory the boundary
conditions are imposed as a constraint irrespectively of any stationary conditions of the
action.
As follows from eq.(23) vI transforms in the same representation of the isometry group
as the ΛI so that the boundary condition eq.(36) is covariant. Hence, the position of the
D-brane is gauge dependent. Moreover, as was mentioned before, vI is defined only up to a
constant corresponding to the U(1) symmetry of the original model. In the dual theory this
symmetry manifests itself as shifts in the position of the D-brane.
Although it is not possible to give general formulas like in the abelian case, one has to
discuss specific examples in order to illustrate the method. Below we will give the calculation
for the SO(N) case since we will use it later to recover the abelian case and to find the duals
of 4D black holes in the open string case.
As a specific example, we will assume that the target space is globally of the formK×SN−1
with the product metric
ds2 = Gαβ(Y )dY
αdY β + V (Y )Gij(θ
i)dθidθj , (37)
where Y α are coordinates on K. The metric Gij of the coset S
N−1 = SO(N)/SO(N − 1)
is Y α independent. One may embed SN−1 into RN [13] and use Cartesian coordinates Xm
instead of angular θi. The action is then
S[Y,X ] = S[Y ] +
∫
d2zV
(
Gmn∂X
m∂¯Xn +
1
2
√
V R
β(GmnX
mXn − R2)
)
−
∫
∂Σ
dsAm
dXm
ds
, (38)
where S[Y ] =
∫
d2σGαβ∂Y
α∂¯Y β − ∫ dsAβdY β/ds and the Lagrange multiplier β imposes
the constraint X2 = R2 so that it defines SN−1 of radius R. Gauging this action and fixing
the gauge Ω = Ω¯ = 0 we get the original model with target-space metric (37). To find the
dual action we have to fix a gauge. A conventional such choice is to take all but one Xm to
vanish, i.e.,
Xm = 0 , m = 1, · · · , N − 1 , XN = R . (39)
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Of course this choice does not completely fix the gauge freedom since we still have SO(N-1)
invariance. We may use the remaining SO(N-1) gauge freedom to gauge away 1/2(N-1)(N-2)
of the dual coordinates ΛI .
Let us now apply the above procedure to the abelian case. Here the group is SO(2) with
the generator Tmn = ǫmn. The Killing vector and the SO(2)-invariant U(1) gauge field are
ξm = TmnX
n = ǫmnX
n ,
Am = Q(Y )ǫmnX
n , (40)
respectively. The corresponding action turns out to be
S[Y,X ] = S[Y ] +
∫
d2σV
(
δmn∂X
m∂¯Xn +
1
2
√
V R
β(δmnX
mXn − R2)
)
−
∫
∂Σ
dsQǫmnX
ndX
m
ds
, (41)
By gauging this action, fixing the gauge Ω, Ω¯ = 0 and eliminating the Lagrange multiplier
β we get
S[Y,X ] = S[Y ] +
∫
d2σR2V ∂θ∂¯θ −
∫
∂Σ
dsQǫmnX
ndX
m
ds
. (42)
To obtain the dual action, we first fix the gauge X1 = 0, X2 = R. Then, eq.(33) gives
h = ∂Λ , h¯ = −∂¯Λ , f = V R2 (43)
and the dual action turns out to be
S˜[Y,Λ] = S[Y ] +
∫
d2σ
1
V R2
∂Λ∂¯Λ , (44)
The dual field Λ satisfies the boundary condition (36) and since LξAm = ∂mφ = 0 we have
v = QR2 − v0 so that
Λ +QR2 = v0 on ∂Σ . (45)
4 Non-abelian duals of 4D black holes
We will apply here the formalism developed in the previous section to find the non-abelian
duals of 4D black holes. The four-dimensional low-energy effective action for open strings
[26],[27] and in the string frame is,
Ieff =
∫
d4x
√
Gσ
(
e−2Φ
1
2
R + 2e−2Φ∂µΦ∂µΦ− 1
8
e−ΦFµνF µν
)
, (46)
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where we have considered a U(1) gauge field only and no antisymmetric field. The different
powers of e−Φ in front of the gravitational and gauge terms appear because the former term
arises from the sphere while the latter comes from the disc. The field equations in the
Einstein frame Gµν = e
−2ΦGσµν are
0 = Rµν − 2∂µΦ∂νΦ− 1
2
e−ΦFµρFν
ρ +
1
8
Gµνe
−ΦFρλF ρλ , (47)
0 = ∇2Φ+ 1
16
e−ΦFµνF µν , (48)
0 = ∇µ(e−ΦF µν) . (49)
We are looking for static, spherically symmetric solutions to the equations above. There
exist two such solutions, a magnetically and an electrically charged black hole and we will
first discuss the former one.
An SO(3) symmetric U(1) field strength Fµν is the pure magnetic Maxwell field
Fm = Q sinϑdϑ ∧ dϕ , (50)
where, due to the Dirac quantization condition, Q must be an integer multiple of 1/2.
Similarly, an SO(3)-invariant ansatz for the four-dimensional metric is
ds2 = −λ2dt2 + dr
2
λ2
+ ρ2(dϑ2 + sin2 ϑdϕ2) , (51)
where λ, ρ are functions of r only. Then, the solutions of eqs(47–49) are [29],
λ2 =
(
1− r+
r
)(
1− r−
r
)3/5
, (52)
ρ = r
(
1− r−
r
)1/5
, (53)
e−Φm =
(
1− r−
r
)2/5
. (54)
These solutions are given in terms of two integration constants r+, r−. The mass M and the
charge Q are given in terms of these constants as
M =
1
2
r+ +
3
10
r− , (55)
Q = 4(
1
5
r+r−)1/2 . (56)
To find an electric solution, one may use the electric-magnetic duality Fmn → ∗Fmn
which is a symmetry of the field equations (47–49). In particular, in order to convert the
field equation (49) into the Bianchi identity, the duality rotation
∗Fmn =
1
2
e−ΦǫmnklFkl , (57)
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has to be performed. Then, the remaining field equations are invariant if we also transform
the dilaton as Φ→ −Φ. Thus, the electrically charged solution is
Fe = e
−Φm Q
ρ2
dt ∧ dr = Q
r2
dt ∧ dr , (58)
eφe =
(
1− r−
r
)2/5
, (59)
with the same metric (51,52,53).
In order to apply the duality transformation, one has to transform the solutions above
into the string frame. In this frame, the metric is of the form
ds2 = −α2dt2 + dr
2
β2
+ γ2(dϑ2 + sin2 ϑdϕ2) . (60)
The metric components (α, β, γ) are functions of r only and are explicitly given by
α2m =
(
1− r+
r
)(
1− r−
r
)−1/5
, (61)
β2m =
(
1− r+
r
)(
1− r−
r
)7/5
, (62)
γ2m = r
2
(
1− r−
r
)−2/5
, (63)
for the magnetic solution and by
α2e =
(
1− r+
r
)(
1− r−
r
)7/5
, (64)
β2e =
(
1− r+
r
)(
1− r−
r
)−1/5
, (65)
γ2e = r
2
(
1− r−
r
)6/5
, (66)
for the electric one. The U(1) field strength is not affected by the Weyl transformation when
going from the Einstein frame to the string frame.
The solutions given above are clearly SO(3) invariant and one may try to find the dual
solution. This can be done in two ways. We express the angular part of the metric in
Cartesian coordinates (X1, X2, X3) and we impose the constraint
∑3
i=1X
i2 = 1. We then
gauge the action in the way described before and we fix the gauge by choosing
X1 = X2 = 0, X3 = 1, Λ2 = 0 . (67)
In this gauge and by taking (TI)
m
n =
1√
2
ǫInm which are properly normalized and satisfy the
SO(3) algebra with cIJ
K = 1√
2
ǫIJK we find by employing eq.(33)
hI =
(
∂Λ1 0 ∂Λ3
)
(68)
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h¯I =
(
−∂¯Λ1 0 −∂¯Λ3
)
(69)
fIJ =
1√
2


1√
2
γ2 −Λ3 0
Λ3
1√
2
γ2 −Λ1
0 Λ1 0

 . (70)
By using the above expressions one may evaluate hI(f
−1)IJ h¯J which is found to be
hI(f
−1)IJ h¯J = − 1
γ2(x2 − y2)
(
γ4∂y∂¯y + x2∂x∂¯x
)
, (71)
where, as in [13], we have defined x2 = 2(Λ21 + Λ
2
3) and y
2 = 2Λ23. Thus, the dual space has
a metric given by
ds2 = −α2dt2 + dr
2
β2
+
1
γ2(x2 − y2)
(
γ4dy2 + x2dx2
)
. (72)
The same result can also be found by using angular coordinates (ϑ, ϕ) for S2 instead of the
Cartesian Xm. In these angular coordinates the Killing vectors are
ξ1 =
1√
2
(cosϕ∂ϑ − sinϕ cotϑ∂ϕ) ,
ξ2 =
1√
2
(sinϕ∂ϑ + cosϕ cotϑ∂ϕ) ,
ξ3 =
1√
2
∂ϕ . (73)
We may gauge the action in the way described in section 2, and we fix the gauge by choosing
ϑ = π/2, ϕ = 0, Λ1 − Λ3 = 0. After the gauge fixing, we find that hI , h¯I , fIJ are given by
hI =
(
∂Λ1 ∂Λ2 −∂Λ1
)
(74)
h¯I =
(
−∂¯Λ1 −Λ¯2 ∂¯Λ1
)
(75)
fIJ =
1√
2


1√
2
γ2 −Λ1 −Λ2
Λ1 0 Λ1
Λ2 −Λ1 1√2γ2

 . (76)
Proceeding as before, one may evaluate hI(f
−1)IJ h¯J and the dual metric, as expected, is
again given by eq.(72) with x2 = 2(2Λ21 + Λ
2
2) and y
2 = 2Λ22 this time.
Let us now turn to the boundary conditions. In the electric case, there is no U(1) field
in the (ϑ, ϕ) direction and the dual coordinates (x, y) are restricted to satisfy the Dirichlet
conditions
x = x0 , y = y0 on ∂Σ , (77)
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where (x0, y0) are constants. For the magnetic case, the gauge potential in the upper hemi-
sphere is A = Q(1− cos ϑ)dϕ. Then, by employing eq.(16) we find
φ1 =
1√
2
sinϕ
(
1
sinϑ
− cotϑ
)
,
φ2 = − 1√
2
cosϕ
(
1
sinϑ
− cotϑ
)
,
φ3 = φ
0
3 , (78)
and from eq.(18) we get
v1 =
Q√
2
sinϕ
sin ϑ
+ v01 ,
v2 =
Q√
2
sinϕ sinϑ+ v02 ,
v3 =
Q√
2
(1− cosϑ) + v03 , (79)
where (v01, v
0
2, v
0
3) are constants. After gauge fixing the dual fields turn out to satisfy the
Dirichlet conditions (77). It should be noted that after the gauge fixing, there remain two
independent parameters out of (v01, v
0
2, v
0
3) which represents the freedom in the position of
the D-brane.
5 Conclusions
We have examined here the non-abelian duality transformations for open strings following
the path integral approach [6]. There exist some peculiarities due to the boundary [28].
Dirichlet boundary conditions in the dual model arise as in the abelian case. This shows
that also for open strings moving in a background with non-abelian isometries D-branes
appear in a natural way. It should be stressed that the Dirichlet conditions seem to be
imposed in the dual model as external conditions irrespectively of any stationary condition
of the action. This is because one integrates the gauge fields on the boundary independently
of the gauge fields on the bulk [25] and it is this integration that produces the Dirichlet
conditions.
We have applied the non-abelian duality transformation in the case of 4D target spaces.
In particular we have discussed an electrically and a magnetically charged black hole. For
both of these solutions we have presented their non-abelian duals. The dual coordinates
satisfy Dirichlet conditions which define curved 1-branes. The world volume of these branes
has black-hole structure as well. The singularity is at r = r−, the horizon is at r = r+
13
and for the extremal case r+ = r− we have a naked singularity. Thus, the dual model
contains extended objects, namely D-branes, which will act as a source for the closed string
modes, the graviton and the dilaton [30]. Conformal invariance is then imposed by the Born-
Infeld action for the D-brane [3] which, moreover, will also specify the dilaton shift. In our
case, the dual electric and magnetic solutions describe fundamental and solitonic 1-branes,
respectively, since in the former case we expect a source term due to a non-vanishing electric
field, while such a term is absent in the latter case since the coupling to the U(1) gauge
field vanishes due to Dirichlet conditions. A detailed discussion of these issues including the
dilaton is under investigation.
In our discussion we did not include global issues. For non-abelian dualities this is an
outstanding problem for the case of closed strings, too. A further topic to be addressed in a
future work is the extension of non-abelian T-duality to the open superstring as well as the
inclusion of Chan-Paton factors.
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